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The K r i n h o l t z ,  Leedom, and M a t t h a e i  t r a n s m i s s l o n  
l i n e  model f o r  a c o u s t i c  t r a n s d u c e r s  h a s  been im- 
plemented on a n  IBM PC-XT computer u s i n g  t r a n s f e r ,  
o r  "ABCD" matrices. Use of m a t r i x  fo rma l i sm makes 
t h e  programs e a s y  t o  understand and a l l o w s  quan- 
t i t i e s  such  as v o l t a g e ,  stress, s t r a i n  and c u r r e n t  
t o  b e  r e a d i l y  c a l c u l a t e d  anywhere  i n  t h e  mode l .  
P r e v i o u s l y  d i f f i c u l t  t o  model cases, such as open 
c i rcu i t  r e c e i v e r s ,  are much s i m p l e r  t o  t reat  wi th  
t h e  new f o r m a l i s m .  F u r t h e r m o r e ,  a n  a c c u r a t e  ac- 
coun t  o f  t o t a l  l i n e a r  phase is made, and a c o u s t i c  
and e l e c t r i c a l  l o s s  i s  p r o p e r l y  t r e a t e d  t o  first 
o rde r .  

1. I n t r o d u c t i o n  

The K L M  a n d  Mason m o d e l s  h a v e  p r o v e n  t o  b e  
v e r y  u s e f u l  t o  d e s i g n e r s  of  d e v i c e s  u t i l i z i n g  t h e  
p i e z o e l e c t r i c  p r o p e r t i e s  of  materials. I f  one is 
g i v e n  t h e  area, t h i c k n e s s ,  v a r i o u s  e l e c t r o a c o u s t i c  
p r o p e r t i e s  and  boundary  c o n d i t i o n s  on a p i e z o -  
e lec t r ic  material, it is p o s s i b l e  t o  p r e d i c t  t h e  
e l e c t r i c a l  i m p e d a n c e  i n t o  a p a i r  o f  e l e c t r o d e s  
a c r o s s  t h e  p i e z o e l e c t r i c  material. Furthermore,  i f  
one a l s o  knows abou t  t h e  e l e c t r o n i c  c i r c u i t  which 
i s  c o n n e c t e d  t o  t h e  e l e c t r o d e s ,  t h e n  i t  i s  a l s o  
p o s s i b l e  t o  p r e d i c t  t h e  e l e c t r o - a c o u s t i c  conver-  
s i o n  e f f i c i e n c i e s  and bandwidths f o r  t h e  o v e r a l l  
s y s t e m  wi th  t h e s e  models. 

Computer  p r o g r a m s  h a v e  b e e n  w r i t t e n  by many 
s e p a r a t e  r e s e a r c h e r s  f o r  t h e  purpose of implemen- 
t i n g  t h e  K L M  mode l  a s  a n  a i d  t o  d e s i g n i n g  t r a n s -  
d u c e r s .  A t  l e a s t  two s u c h  r e s e a r c h e r s  h a v e  pub- 
l i s h e d  t h e i r  p r o g r a m s  [1,2]. The  p r o g r a m s  by 
F r a s e r  and D e S i l e t s  h a v e  found many w i d e l y  d i v e r -  
s i f i e d  a p p l i c a t i o n s ,  h o w e v e r ,  t h e y  u t i l i z e d  a 
power f l o w  a n a l y s i s  f o r m a l i s m .  T h i s  f o r m a l i s m ,  
w h i l e  it r e s u l t s  i s  an e l e g a n t l y  s i m p l i f i e d  a n a l y -  
sis i n  c e r t a i n  c i r cums tances ,  does  n o t  l e n d  i tself  
w e l l  t o  many o t h e r  a p p l i c a t i o n s .  The  p r o g r a m s  
became q u i t e  cumbersome when m o d i f i e d  by Baer t o  
t r e a t  a c o u s t i c  l o s s ,  and  r e q u i r e d  a number o f  
i n t e r e s t i n g  a s s u m p t i o n s  t o  be  m a d e  t o  c a l c u l a t e  
one way t r a n s f e r  f u n c t i o n s  th rough  d e v i c e s .  Also,  
t h e  F r a s e r  and  D e S i l e t s  i m p l e m e n t a t i o n  d i d  n o t  
k e e p  t r a c k  o f  t o t a l  l i n e a r  p h a s e ,  w h i c h  c a n  b e  
u s e f u l  i f  one i s  d e s i g n i n g  a F r e s n e l  l e n s  o r  o t h e r  
d e v i c e  where time d e l a y  is important .  
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F i g u r e  1. KLM model. 

To overcome t h e s e  shortcomings,  t h e  programs 
h a v e  b e e n  c o m p l e t e l y  r e w r i t t e n  u s i n g  a t r a n s f e r  
m a t r i x  fo rma l i sm which w i l l  be d i s c u s s e d  s h o r t l y .  
I n  v i e w  o f  t h e  g r e a t l y  e n h a n c e d  power o f  modern 
computers,  t h e  programs h a v e  been w r i t t e n  f o r  t h e  
a n a l y s t ,  n o t  i n  some c r y p t i c  way t o  r e d u c e  e x e c -  
u t i o n  times. We h a v e  f o u n d  t h a t  t h e  r e a d a b i l i t y  
of t h e  mode l  has  b e e n  g r e a t l y  a i d e d  t h r o u g h  t h e  
u s e  of t r a n s f e r  matrices. This paper  w i l l  d i s c u s s  
o u r  i m p l e m e n t a t i o n ,  and  show e x a m p l e s  o f  how i t  
w a s  used t o  model an  a c o u s t i c  hydrophone designed 
€o r  power o u t p u t  measurements. 

2. The T Mat r ix  Implementat ion 

The T-matrix o r  t r a n s m i s s i o n  m a t r i x  method of  
c i r c u i t  a n a l y s i s ,  is ex t r eme ly  conven ien t  f o r  t h e  
a n a l y s i s  of  t r a n s d u c e r  networks. The r e s u l t i n g  T- 
m a t r i x  f o r  a c a s c a d e d  n e t w o r k  i s  m e r e l y  t h e  p ro -  
d u c t  o f  t h e  i n d i v i d u a l  T Matrices.  T h i s  me thod ,  
a l s o  known a s  t h e  method o f  t h e  ABCD p a r a m e t e r s ,  
is e x t e n s i v e l y  d e s c r i b e d  i n  Kuo (pg. 262-266), and 
b r i e f l y  reviewed as follows. 
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The f o u r  e l e m e n t s  o f  t h e  2x2 T m a t r i x  a r e  
d e f i n e d  a s  shown i n  Fig. 2. For example,  a s i m p l e  
series c o m p l e x  impedance  h a s  parameters A , D = l ;  
D=Z; and  C=O. A p a r a l l e l  ( s h u n t )  i m p e d a n c e  i s  
c h a r a c t e r i z e d  by A , B = l ;  C= l /Z ,  B=O. A t r a n s m i s -  
s i o n  l i n e  s e g m e n t  h a s  A,D=cosh(dx), B=Zosinh($x) ,  
C=( l /Zo) s inh ( (x ) ,  where  2, i s  t h e  p r o p a g a t i o n  
c o n s t a n t ,  and g i v e n  i n  [ 4 ]  (pg. 22-4). A l a d d e r  
network can b e  a n a l y z e d  by m u l t i p l y i n g  t h e  T mat- 
rices of  each element .  The T-matrix method eas i ly  
accoun t s  f o r  l o s s y  components, which is impor t an t  
f o r  a c c u r a t e  t r a n s d u c e r  designs.  

The T m a t r i x  carries wi th  i t  a comple t e  rep- 
r e s e n t a t i o n  o f  t h e  two p o r t  ne twork .  I m p o r t a n t  
network pa rame te r s  can  be found as combinat ions of  
t h e  ABCD e l e m e n t s ,  y i e l d i n g  any of  t h e  Z,Y,S, o r  H 
p a r a m e t e r s  ( S e e  Kuo, pg. 266). F o r  e x a m p l e ,  by 
i n s p e c t i o n  o f  t h e  d e f i n i t i o n  i n  F i g .  2, t h e  v o l -  
t a g e  t r a n s f e r  f u n c t i o n  (ou tpu t  open c i r c u i t e d )  i s  
1 / A .  The i n p u t  impedance ,  o u t p u t  o p e n ,  i s  A / C ,  
etc. 

To a p p l y  t h e  T m a t r i x  c o n c e p t  t o  t h e  K L M  
m o d e l ,  shown i n  F i g .  1, o b s e r v e  f i r s t  t h a t  t h e  
model can  be ana lyzed  as  a l a d d e r  network between 
t h e  f r o n t  a c o u s t i c  p o r t  and t h e  e lec t r ica l  p o r t ,  
w i t h  four d i f f e r e n t  t y p e s  of segments  i n  t h e  lad-  
der;  S t a r t i n g  from t h e  f r o n t  a c o u s t i c  l o a d ,  t h e r e  
a r e  t r a n s m i s s i o n  l i n e  s e g m e n t ( s ) ,  t h e n  a s h u n t  
e l emen t  segment f o r  t h e  back a c o u s t i c  l o a d  impe- 
dance,  n e x t  a segment f o r  t h e  " idea l "  t r a n s f o r m e r  
( w i t h  a c o m p l e x  t u r n s  r a t i o ) ,  and  f i n a l l y  a s e g -  
m e n t  w i t h  s e r i e s  c a p a c i t a n c e .  T h e  p r o g r a m  
"Xducer", a v a i l a b l e  from t h e  a u t h o r s ,  c a l c u l a t e s  
t h e  T m a t r i x  f o r  e a c h  o n e  o f  t h e s e  s e g m e n t s ,  t h e n  
m u l t i p l i e s  them t o g e t h e r  a s e g m e n t  a t  a t ime t o  
o b t a i n  t h e  T m a t r i x  f o r  t h e  o v e r a l l  two p o r t  KLM 
model. The program can h a n d l e  up t o  n i n e  matching 
layers between t h e  a c o u s t i c  l o a d s  and t h e  piezo- 
e l e c t r i c  l a y e r ,  e a c h  o f  wh ich  i s  m o d e l e d  a s  a 
t r a n s m i s s i o n  l i n e  segment between t h e  p o r t s  shown 
i n  F i g .  1 and  t h e  a c o u s t i c  l o a d .  We h a v e  c h o s e n  
t o  c a l c u l a t e  t h e  T m a t r i x  a t  128 f r e q u e n c i e s  from 
f0/64 t o  2*f0 where fO i s  d e f i n e d  as t h e  frequency 
a t  which t h e  p i e z o e l e c t r i c  l a y e r  i s  h a l f  a wave- 
l e n g t h ,  a s s u m i n g  open  c i r c u i t  c o n d i t i o n s  (D = 0 )  
on t h e  r e s o n a t o r .  A l l  u n i t s  a r e  k e p t  i n  MKS 
w i t h i n  t h e  p r o g r a m s ,  t h o u g h  n o t  n e c e s s a r i l y  be- 
tween programs, where u n i t s  are chosen t o  be "user  
f r i e n d l y " .  

One v e r y  i m p o r t a n t  s u b t l e t y ,  w h i c h  w a s  d i s -  
cove red  l a t e  i n  t h e  development  of t h e  programs, 
i s  t h e  f a c t  t h a t  t h e  KLM mode l  a s s o c i a t e s  t h e  
e l e c t r i c a l  v a l u e s  a t  t h e  e l e c t r i c a l  p o r t  o f  t h e  
d e v i c e  w i t h  FORCE and v e l o c i t y  a t  t h e  a c o u s t i c  
po r t .  T h i s  means t h a t  i n s t e a d  of  u s i n g  R a y 1  u n i t s  
f o r  impedance, it is necessa ry  t o  use  R a y l s  times 
area u n i t s . '  N o r m a l l y  a c o u s t i c  impedance  i s  a 
r a t i o  o f  s t ress  and v e l o c i t y ,  h e r e  w e  m u s t  t h i n k  
i n  terms of  "mechanical" impedances, or r a t i o s  of  
f o r c e  t o  v e l o c i t y .  T h i s  o n l y  became a p p a r e n t  when 
t h e  m o d e l s  were f i r s t  u s e d  t o  p r e d i c t  oneway 
t r a n s f e r  f u n c t i o n s  through a c o u s t i c  d e v i c e s .  

Once t h e  T m a t r i x  i s  known f o r  t h e  t r a n s -  
d u c e r ,  t h e  e l e c t r i c a l  i m p e d a n c e  i n t o  t h e  
e l e c t r i c a l  p o r t  i s  e a s i l y  c a l c u l a t e d  g i v e n  t h e  
a c o u s t i c  l o a d  o n  t h e  f r o n t  p o r t .  When t h e  
t e r m i n a t i o n  on t h e  e lec t r ica l  p o r t  is de f ined ,  a 
p rogram c a n  b e  w r i t t e n  t o  c a l c u l a t e  t h e  o v e r a l l  
e lec t r ica l  t o  a c o u s t i c  t r a n s f e r  f u n c t i o n  f o r  t h e  

t r a n s d u c e r  system. With t h i s ,  q u a n t i t i e s  such as  
bandwidth, i n s e r t i o n  l o s s  and i m p u l s e  r e sponse  can 
be o b t a i n e d  which g r e a t l y  a i d  i n  design. A l a r g e  
series of programs h a v e  been w r i t t e n  which u s e  t h e  
T m a t r i x  of t h e  t r a n s d u c e r ,  c a l c u l a t e d  by Xducer, 
t o  p l o t  v a r i o u s  q u a n t i t i e s  of  i n t e r e s t .  

A f a i r l y  d e t a i l e d  d e s c r i p t i o n  o f  how t h e  T 
m a t r i x  a p p r o a c h  i s  u s e d  t o  mode l  h y d r o p h o n e s  i s  
g i v e n  i n  P a r t  3. A v e r y  s imi la r  a n a l y s i s  was used 
t o  e v a l u a t e  v a r i o u s  p i e z o e l e c t r i c  m a t e r i a l s  f o r  
t h e i r  i n h e r e n t  s i g n a l  t o  n o i s e  r a t i o  p r o p e r t i e s .  
Another p r o j e c t  used t h e  models  t o  c a l c u l a t e  t h e  
a c o u s t i c  impedance  s e e n  l o o k i n g  i n t o  t h e  f r o n t  
a c o u s t i c  p o r t ,  u s e d  t o  e v a l u a t e  i t s  r e f l e c t i o n  
c o e f f i c i e n t  a s  a f u n c t i o n  o f  f r e q u e n c y .  O t h e r  
programs have  been w r i t t e n  which accoun t  f o r  t o n e  
b u r s t  e x c i t a t i o n  o f  a t r a n s d u c e r .  F i n a l l y ,  a 
whole series of programs h a v e  been w r i t t e n  which 
are used t o  model phased array elements .  I n  t h i s  
case, t h e  a c o u s t i c  l o a d  impedance p u t  on t h e  f r o n t  
a c o u s t i c  p o r t  is c o m p l e x ,  owing t o  t h e  f a c t  t h a t  
t h e  a c o u s t i c  a p e r t u r e  i s  t y p i c a l l y  less  t h a n  a 
wave leng th  ( i n  t h e  l o a d )  wide. E v e n t u a l l y  w e  p l a n  
t o  rewrite t h e  t r a n s d u c e r  o p t i m i z a t i o n  programs t o  
use  t h e  T m a t r i x  formalism. 

I. 1 

c = ---I 
I_ - v=o 

2. 

F i g u r e  2. T m a t r i x  model f o r  hydrophone 

3 .  A p p l i c a t i o n  of Models t o  Hydrophone Design 

One area of g r e a t  i n t e r e s t  l a t e l y  i s  t h e  
des ign  and performance of  smal l ,  broadband hydro- 
phones f o r  a c o u s t i c  o u t p u t  measurements and o t h e r  
a p p l i c a t i o n s .  T h i s  i s  a good e x a m p l e  where  T 
m a t r i x  a n a l y s i s  i s  a n  e x c e l l e n t  a p p r o a c h  t o  t h e  
model ing problem. A t y p i c a l  hydrophone s y s t e m  is 
d e s i g n e d  t o  o p e r a t e  a t  f r e q u e n c i e s  w e l l  b e l o w  
resonance,  and i n t o  r e c e i v e r s  w i th  v e r y  h igh  impe- 
dance i n p u t s  t o  o b t a i n  t h e  f l a t  f r equency  charac-  
teristics. The modeling problem c a l l s  f o r  a one- 
way t r a n s f e r  f u n c t i o n  r e l a t i n g  a c o u s t i c  i n t e n s i t y  
t o  o u t p u t  v o l t a g e .  None of t h e  above cons ide ra -  
t i o n s  l e n d s  i tself  w e l l  t o  a power f l o w  a n a l y s i s ,  
b u t  d o e s  n o t  c o m p l i c a t e  t h e  T m a t r i x  a p p r o a c h  a t  
a l l .  We p i c t u r e  t h e  hydrophone as a network m a t r i x  
as shown below i n  Fig. 2. where Zw is t h e  a c o u s t i c  
i m p e d a n c e  o f  water times t h e  area o f  t h e  h y d r o -  
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p h o n e ,  Z s ' i s  t h e  i n p u t  i m p e d a n c e  of t h e  r e c e i v e r  
p r e a m p l i f i e r ,  a n d  vw i s  t h e  a c o u s t i c  f o r c e  i n  
water. T h e  r a t i o  b e t w e e n  a c o u s t i c  f o r c e  i n  t h e  
l o a d  t o  v o l t a g e  a t  t h e  r e c e i v e r  i n p u t  is o b t a i n e d  
as fo l lows .  
Note t h e  s l i g h t l y  d i f f e r e n t  s i g n  c o n v e n t i o n  u s e d  
h e r e  as  c o m p a r e d  t o  t h a t  u s e d  b y  Kuo h a v i n g  t o  d o  
w i t h  1 2 .  B e c a u s e  t h e  t r a n s d u c e r  n e t w o r k  c a n  b e  
shown t o  b e  r e c i p r o c a l ,  c a l c u l a t i n g  t h e  effect  of 
t h e  o u t p u t  on  t h e  i n p u t  is i d e n t i c a l  t o  c a l c u -  
l a t i n g  t h e  e f f e c t  of  t h e  i n p u t  o n  t h e  o u t p u t .  
T h e r e f o r e  w e  c a n  s e t  vw=O,  a n d  c a l c u l a t e  t h e  e f -  
f e c t  o f v s  acrosszw.  S i n c e  I 2  = V2/Zw a n d  V2 = 
I P Z w  w e  o b t a i n ,  

B 
(1) 

(2) 
3 

I, = CV2 + DL = I ( D  + CZ,) = ------- 
z5 + z ,  1 

w h e r e  Z ,  i s  d e f i n e d  a s  V , / I , .  S o l v i n g  Eq.2 

w e  o b t a i n  fo r  ---- vs 

I, 

v> 

1, 
--- - - (Zs+Z,)(D+CZw) = Zs(D+CZw) + (AZw+B) (3) 

UJ 
vz - v  

By r e c i p r o c i t y  we h a v e  --- = --- and s i n c e  
I; I! 

( 4 )  

V z i  

v. V d  
w e  h a v e  t h e  d e s i r e d  r e s u l t  --- = ----- , . (5) 

--- . -  i I- , - 
Eq. 5 i s  u s e d  t o  p l o t  t h e  v o l t a g e  o u t p u t  b y  a 
h y d r o p h o n e  a s  a f u n c t i o n  of  f r e q u e n c y  a s s u m i n g  
v a r i o u s  r e c e i v e r  i n p u t  impedances.  The r e s u l t  i s  
s h o w n  i n  F i g  3 f o r  a h y d r o p h o n e  c o n s t r u c t e d  w i t h  
PZT5A, backed  by a s teel  r o d ,  h a v i n g  a d i a m e t e r  of 
0.016 i n c h e s  a n d  a t h i c k n e s s  of 0.0043 i n c h e s .  
T h e  a c o u s t i c  s t ress  e x c i t i n g  t h e  h y d r o p h o n e  w a s  
assumed t o  h a v e  a n  i n t e n s i t y  of 1 mW/cm**2. Note 
t h a t  t h e  m o d e l  a s s u m e s  t h e  r e s o n a t o r  o f  a t r a n s -  
d u c e r  i s  s i n g l e  moded,  i.e. i t  d o e s  n o t  a c c o u n t  
f o r  a n y  l a t e r a l  mode c o u p l i n g .  T h i s  is of c o u r s e  
i m p o r t a n t  f o r  PZT r e s o n a t o r s  w i t h  t h i s  g e o m e t r y ,  
b u t  is i g n o r e d  a t  t h i s  time t o  examine  t h e  e f f e c t  
o f  r e c e i v e r  i m p e d a n c e  o n  h y d r o p h o n e ,  f r e q u e n c y  
r e s p o n s e .  
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F i g u r e  3. V o l t a g e  r e s p o n s e  of hydrophone .  

S i m i l a r  r e s u l t s  c a n  b e  o b t a i n e d  t o  e x a m i n e  
the  effect  of l o a d i n g  t h e  hydrophone  w i t h  a l e n g t h  
of c a b l e  b e t w e e n  i t  a n d  t h e  r e c e i v e r .  I n  t h i s  
case t h e  T m a t r i x  f o r  t h e  t r a n s d u c e r  w o u l d  f i r s t  
be  m u l t i p l i e d  by t h e  T m a t r i x  f o r  t h e  c a b l e  ( l o s s  
i n c l u d e d  i f  d e s i r e d ) ,  a n d  t h e n  a n  a n a l y s i s  i d e n -  
t i c a l  t o  t he  a b o v e  w o u l d  b e  done. W h i l e  it is n o t  
n e c e s s a r y  t o  s h o w  a l l  these r e s u l t s  h e r e ,  t h e  
c u r i o u s  r e a d e r  may l i k e  t o  know t h a t  8" of  RG 174 
c a b l e  a c t e d  l i k e  a 2 0  dB a t t e n u a t o r  on t h e  hydro-  
phone a n d  d i d  n o t  s i g n i f i c a n t l y  e f f e c t  t h e  s h a p e  
of t h e  f r e q u e n c y  r e s p o n s e .  
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